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1. Introduction 
 
The traditional longitude latitude coordinate system on the sphere for the atmospheric 
modeling suffers from the well known “pole problem”.  This problem is caused by the 
convergence of longitudinal grid lines toward poles, which imposes a very restrictive 
time-step due to the requirement for numerical stability.  Fourier filtering is typically 
used for filtering the fast waves near poles (Arakawa and Lamb, 1977).  This is very 
inefficient with the modern high performance computation.  The resolution is non-
uniform:  there is excessive resolution at the pole and very low resolution at the equator 
(Randall, 1998).  The areas around poles are over-resolved, wasting memory and 
computing time.  In addition, the polar filtering for removing the impact of the over-
resolution wastes computer time as well.  On the contemporary distributed memory 
computers, the filtering operations increase amount of inter-processor communications, 
and, since they are applied only at the areas around poles, introduce a computational 
imbalance.  It is also well known that the filtering operations will severely degrade the 
accuracy (Purser 1988) and the non-uniformity of the grid spacing of the longitude 
latitude grid is another source of the inaccuracy (Ronchi, 1996).  Due to these reasons, 
the “pole problem” motivated people to develop new coordinate systems to solve the 
partial differential equation on the sphere. 
 
Expanded cubic grid is one of the coordinate systems generated to solve the pole problem, 
which is designed such that the grid points on the sphere are mapped to those on a cube 
and has nearly uniform grid distribution over the sphere.  A number of methods were 
proposed for generating the cubic grid, including gnomonic cube by Sadourny (1972), 
expanded cube by Ronchi (1996), conformal cube by Rancic (1996), smoothed cube by 
Purser and Rancic (1998) and orthogonal cube by Adcroft (2003).  In this paper, we 
describe the grid generation technique for the cubic grid and the equations of motion on 
the new grid systems.  In part 2 of the paper, the different cubic grid generation 
techniques will be introduced. In part 3, a comparison of the grids will be given in terms 
of the minimum grid distance and some experimental results. In part 4, the general 
curvilinear coordinates will be introduced and the equation of motion on this system will 
be described. 
 
 
2. Generation of the gr id 
 
The cubic grid is designed such that a one-to-one mapping between points on sphere and 
cube is established, which was first introduced by Sadourny in 1972 (Fig.1). His grid 
generation method was later called gnomonic cube.  When generating this grid, a cube is 
first inscribed in a sphere, and then a line is drawn between the center of the sphere and a 
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point on the sphere.  The intersection point of the line and the cube will be the projection 
of the point from the sphere to the cube.  
 
The gnomonic cubic grid can be formed either by equal distance or by equal angular 
(Rancic et al. 1996).  Assume the radius of the sphere is R and the half of the dimension 
of the cube inscribe in it is a, then the relation between a and R is: 
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3
a R=                                                                  (1) 

 
There are six local coordinate systems in the map space located on the six faces of the 
cube, which are defined as ( , ) [1,6]vx y vÎ .  The origin of each local coordinate system 
is located at the center of the corresponding face.  The coordinate of a point (X, Y, Z) on 
a sphere is defined by a Cartesian coordinate system with origin at the center of the 
sphere and its axis perpendicular to each face of the cube.   Then we can obtain the 
mapping between the coordinate on the sphere and its corresponding coordinate in the 
map space on the cube. For example, if a point (X, Y, Z) is mapped to a point on the cube 
face in the –Y direction, the relation between the absolute coordinate and the map 
coordinate is: 

 ( , , ) ( , , )
R

X Y Z x a y
r

= -                                                   (2) 

where r is defined as 2 2 2r a x y= + + . 
 
The coordinate on the map space can also be defined in terms of the angles of the central 
projection, such as: 

 0 0tan , tanx a x y a y= =                                              (3) 

where x0 and y0 are the angles and takes the value from 
4
p

-  to 
4
p

.  

 
Fig. 1. Gnomonic Cube 
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Ronchi et al (1996) suggest another type of cubic grid that is generated geometrically.  In 
his cubic grid, the grid points are formed by intersecting of sets great circles with equal 
angular distance, as shown in Fig. 2.  The procedure is repeated for six times and the grid 
lines on the six faces are obtained. The transformation between the coordinates on the 
sphere and those in the map space is obtained analytically. 
 

 
 

Fig.2 Generation of Ronchi’s cubic grid 
(Ronchi et al, 1996)  

 
When transferring from one face to another in the above two kinds of cubic grids, the 
coordinate lines is broken at the boundaries. This can cause the errors when solving the 
equations numerically on the sphere. Rancic et al (1996), Purser and Rancic (1998) 
invented a set of cubic grid such that the coordinate lines transfer smoothly from one face 
to another. One special case is called conformal cube, which transform the coordinates 
conformally between the sphere and the cube. The conformal transformation preserves 
the angles between the intersecting lines and hence the intersecting coordinate lines are 
orthogonal and the aspect ratio of the grid box is close to unity (Fig.3), i.e. the grid box is 
square.  
 
However, the grid is distorted a lot and the grid distance is very small at the vicinity of 
the singular point for the conformal cube.  Hence, Purser and Rancic (1998) also explored 
the homogeneity of the grid distance though the use of variation principle, in which they 
defined a coefficient that can control the homogeneity of the grid.  They formalized the 
problem as to find the mapping function that makes the following function extreme: 
 

 
2 2 22

2

1
[( ) ( 1)]

2 1a a Raq c dxdy= + + + -���                              (4) 
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where a1 and a2 are base vectors, a is a constant called penalty coefficient, q is the 
absolute Jacobian, which is proportional to the dimension of the grid box, R is the 
position vector of the point on the unit sphere and c is the Lagrange multiplier that 
constrains the point on the unit sphere.  The first term is responsible for suppressing the 
variations of the length of the base vectors.  The second term suppresses the variation of 
the absolute Jacobian and by changing a, we can control the relative degree of 
suppression.   The third term is simply to constrain the point on the unit sphere.  In the 
special case when a=0, the grid becomes the conformal cubic grid. 
 

 
Fig 3. Conformal cubic grid 

 
 
Adcroft et al (2003) suggested two methods to modify the conformal cube proposed by 
Rancic (1996) in order to make the grid distribution uniform while at the same time 
remain the orthogonal of the intersecting grid lines. The first method is to remap the tile 
coordinate (x, y) to: 

 1 1

1

1 2 2
( ©, ©) (tan , tan )

2 3 3tan
3

x y x y- -

-
=                                      (5) 

This method, which is called “tan” , will make the grid distances larger at the corner and 
smaller near the center. The distribution of the grid distance is uniform but the aspect 
ratio is deviate from unity at the edge. 
 
Another method is to make the grid distance on a chosen line to be uniform. One choice 
is to make the grid distance on the edges to be uniform, which will also severely distort 
the aspect ratio at the edge.  Another extreme is to make the grid distance on the equator 
to be equal.  However, this will compress the corner grid distance as much as that of the 
conformal cube. One better choice is to choose a line near the edge, i.e. the third line 
from the edge.  
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3.  Compar ison of the gr ids 
 
The minimum grid dimension, defined as the shortest length of a grid box, is usually used 
as a measure of the different grids, since it is the main restriction to the maximum time-
step in the Eulerain model and the main to develop this grid.  Fig. 4 shows the 
comparison of the gnomonic cube grid suggested by Sadourny (1972), the conformal 
cubic grid by Rancic (1996) and the longitude and latitude grid. As an example, for a 
resolution of 288x217 grid points, the allowable time-step for the conformal cube is ten 
times larger than that of the longitude latitude grid without filtering (Rancic 1996). 
 

 
 

Fig 4. Minimum grid distance. A—longitude latitude grid, B—conformal cube, C—
equidistant version of gnomonic cube, D—equiangular version of gnomonic cube 

(Rancic et al, 1996) 
 
 

Fig.5 shows the minimum grid spacing for the smoothed cubic grid proposed by Purser 
and Rancic (1998) with different penalty coefficient a.  As the penalty coefficient getting 
larger, i.e. when a=30, the minimum grid distance approaches that of the gnomonic cube.  
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Fig 5. Minimum grid spacing with different control factors for smoothed cube 
(Purser and Rancic, 1998) 

 
 
Fig 6. shows a comparison of the ratio between smallest grid distance to the largest grid 
distance for the orthogonal grid proposed by Adcroft et al (2003) with the conformal grid 
and the gnomonic grid.  
 
Numerical experiments were also made on these grids (Rancic et al, 1996, Purser and 
Rancic. 1998, Adcroft, 2003). Due to the breaking of the grid lines at the edges, the 
gnomonic cube, although it has larger minimum grid distance, doesn’ t behaves as good as 
conformal cube in the shallow water experiment (Rancic et al, 1996).  It is also shown 
that the conformal cube has better result than the smoothed quasi-homogeneous grid 
(Purser and Rancic, 1998).  These experiments indicate that the orthogonal of the base 
vectors can improve the accuracy of the numerical model.  The orthogonal cubic grids 
also have another benefit, i.e. the form of the equation is simpler and the previously well-
developed numerical schemes on the orthogonal grid are ready to be applied.    
 
 
 
 



 7

 
Fig 6. Ratio between minimum grid distance and maximum grid distance 

(From Adcroft et al, 2003) 
 

 
4.General curvilinear coordinates 
 
On the quasi-uniform grid, the coordinate lines are generally not orthogonal and hence 
the general curvilinear coordinates should be set up (Sadourny, 1972, Rancic 1996).  
Suppose (x, y)v in map space is mapped to the sphere with coordinate (X, Y, Z) in the 
fixed Cartesian coordinate system. Then we can define the base vectors a1  and a2 as: 
 

 1 2,
R R

a a
x y

¶ ¶
= =

¶ ¶
                                           (6) 

 
where R is the vector of the absolute Cartesian coordinates (X, Y, Z). 
 
A vector in the curvilinear system will be defined by the covariant and contravariant 
components. For example, the wind vector V can be written as: 
 

u v= +1 2V a a� �                                                          (7) 
 
where u�  and v�  are contravariant components of the vector. The covariant components of 
the wind u and v are defined as the scalar product of the wind vector and the base vector: 
 

,u v= × = ×1 2V a V a                                            (8) 
 
From (7) and (8), we can obtain the transformation from contravariant components to 
covariant components as 
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11 12 21 22,u uq vq v uq vq= + = +� � � �                                           (9) 
 
where  , 1,2ijq i j= × =i ja a  are called metric coefficients. 

 
From (9), the transformation from the covariant components to contravariant components 
can be obtained as: 
 

11 12 21 22,u q u q v v q u q v= + = +� �                                        (10) 
 
Where qij are the inverse metrics of the coordinate transformation, defined as: 
 

11 2
22

12 21 2
12

22 2
11

/

/

/

q q G

q q q G

q q G

=

= = -

=

                                                   (11) 

and 2 ( )ijG Det q= . 

 
A surface element on the sphere, ˆd dS=S k , is defined by the vector product of the base 
vectors, that is: 

 
 ˆ( )d dxdy Gdxdy= ´ º1 2S a a k                                                  (12) 

 
In general, the covariant components are denoted by subscripts and contravariant 
components are denoted by superscripts. The scalar and cross products of two vectors A 
and B are: 

 
 A B i

iab× =                                                                (13) 
 
and  

 

 
1 2 1 2

1 2 1 2
ˆ

1 2A B a a k
a a a a

G
b b b b

´ = ´ =                                     (14) 

 
By applying stokes theorem to an infinitesimal square parallel to the coordinate lines, the 
operator of curl and divergence on the curvilinear coordinates can be obtained as: 

 

 2 1
1 2

1 ˆ( )V k
v v

G x x
¶ ¶

Ñ´ = -
¶ ¶

                                               (15) 

and 
 

 1 2
1 2

1
[ ( ) ( )]V Gv Gv

G x x
¶ ¶

Ñ× = +
¶ ¶

                                      (16) 
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As an example, we transform the shallow water equation to the curvilinear form. The 
shallow water equation in general vector form is:   

 

 

ˆ( ) ( )
2

( ) 0

v v v
k v

v

f gh
t
h

h
t

V
¶ ×

= - + ´ - Ñ +
¶
¶

+Ñ× =
¶

                                     (17) 

 
Substitute the above defined vector identities to the shallow water equations, we can 
obtain: 

 

 

( ) ( )
2

( ) ( )
2

1 ( ) ( )
[ ]

u uu vv
Gv f gh

t x
v uu vv

Gu f gh
t y

h Guh Gvh
t G x y

V

V

¶ ¶ +
= + - +

¶ ¶
¶ ¶ +

= - + - +
¶ ¶

¶ ¶ ¶
= - +

¶ ¶ ¶

� �
�

� �
�

� �

                                  (18) 

 
 

In the orthogonal case, the base vectors are orthogonal to each other, i.e. the metric q12 
=q21=0, which can greatly simplify the equation of motion. 
 
 
5. Summary  
 
In summary, different methods for generating the cubic grid in order to avoid the pole 
problem on the longitude latitude grid are introduced. On the cubic grid, the curvilinear 
form of equation of motion has to be used, except on the orthogonal or conformal grid. A 
comparison of the grids in terms of the minimum grid spacing and the experiment results 
on it were discussed.  
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